The joint probability density function (PDF) of thermochemical variables can be used for accurately computing the combustion source term. Quadrature based methods such as the direct quadrature method of moments (DQMOM) provide a computationally efficient and robust approach for estimating the PDF. Numerical implementation of DQMOM can however lead to an erroneous estimation of the PDF. An alternative semi-discrete quadrature method of moments (SeQMOM) was recently developed by the authors. This method solves a linear system of equation for evaluating the PDF, while making sure that moments of the PDF are accurately represented. In this work, SeQMOM is used for studying the effect of various model parameters in an experimental supersonic hydrogen jet.
Development of predictive models for supersonic combustion is a critical step in design and development of scramjet engines. In subsonic flows, combustion models are often formulated based on the conserved scalar approach.
1 However, the coupling between the energy and velocity fields in the high-speed flow regime precludes the direct use of low-Mach number mixture fraction based combustion models. One approach to overcome this problem is the transported probability density function (PDF) method. Here, the joint-PDF of the gas phase thermochemical vector is obtained by solving a transport equation. Typically, flow solvers employing the Reynolds-averaged Navier Stokes (RANS) or large eddy simulation (LES) methodology are coupled to a solver that evolves the PDF transport equation. This hybrid PDF approach has been successfully used for a wide range of combustion problems. [2] [3] [4] [5] [6] [7] [8] [9] The PDF transport equation is high-dimensional spanning N + 5, where N is the number of species in the chemistry mechanism. Consequently, the usual finite-volume or finitedifference schemes cannot be used. Typically, a stochastic approach is used where a large number of notional particles are evolved using a set of stochastic differential equations.
2 Within this stochastic approach, several Lagrangian 2, 6, 10, 11 and Eulerian 12-14 techniques have been formulated. However, the application of the stochastic approach for supersonic flow problems faces a number of issues. First, these techniques are computationally expensive due to the large number of particles that have to be typically used to reduce statistical error. Second, high-speed problems involving complex shock-turbulence interaction and strong wall effects require special numerical algorithms. Particle methods are typically first order accurate in space and it is not possible to leverage the vast advances made in numerical schemes for such high-speed flows. Although second-order accuracy in time can be achieved, 15 most practical calculations use only a first-order time-stepping scheme. Finally, the stochastic nature of these methods introduces numerical instabilities when coupled with the deterministic flow solvers. 16 These computational hurdles have deterred the application of stochastic transported PDF methods to supersonic combustion.
An alternative is provided by quadrature based moment methods, which approximate the joint-PDF using weighted Dirac delta functions. This leads to deterministic Eulerian transport equations that need to be solved for obtaining the weights and abscissas that describe the PDF at each point in space and time. In this work, the direct quadrature method of moments (DQMOM) is discussed in the context of combustion modeling. The errors introduced by this method in the evolution of the PDF are briefly discussed. We then introduce a new multivariate quadrature based moment method called semi-discrete quadrature method of moments (SeQMOM) that overcomes these problems. Critical model parameters that affect the solution in quadrature based methods such as SeQMOM and DQMOM are discussed. Finally, the effect of these model parameters is studied by simulating an experimental supersonic jet.
I. Quadrature based moment methods
Quadrature based moment methods use weights and abscissas for approximating the PDF such that finite moments of the PDF are accurately represented. Mathematically, this is equivalent to approximating the PDF using weighted Dirac delta functions so that the number of delta functions corresponds to the number of quadrature points used in the approximation. Each delta function is characterized by its location in composition space (abscissas) and a height (weight). For compressible flows, the joint-PDF of species mass fraction and sensible enthalpy can be written as
Here, N e is the number of delta functions used in the approximation and N s is the number of species. φ is a vector representing species mass fractions in physical space, and h is the corresponding variable for sensible enthalpy. ψ αn and ζ n are abscissas in the sample space corresponding to the m th species and enthalpy, and the n th delta function. w n is the weight corresponding to the n th delta function. For a system with N s species and enthalpy, the PDF can thus be specified using N e weights and (N s + 1)N e abscissas.
In this section, existing quadrature based methods applicable to multivariate problems such as combustion modeling are discussed.
A. Direct quadrature method of moments DQMOM was proposed by Fox, 17, 18 and has since been used for solving a variety of problems involving multivariate PDFs. [19] [20] [21] In this method, equations that describe evolution of the quadrature weights and weighted abscissas through space and time are obtained by substituting the weighted delta function form of the PDF from equation (1) in the PDF transport equation. This leads to transport equations of the form
Here, Y is a vector of weights and weighted abscissas and B represents source terms.
Source terms a n , b mn and c n need to be computed by matching (N s + 2)N e moments of the PDF. Typically a n = 0, and b mn and c n are computed by matching N e lower integer moments of the m th scalar and enthalpy respectively. Forcing a n = 0 makes evolution of weights independent of all other scalars, thereby permitting easy extension of this method to multivariate problems such as combustion. For a two point quadrature representation of the PDF, b mn and c n are
The right hand side of equations (4) and (5) include the correction term that is responsible for production of variance, and the micro-mixing term, which reduces variance. In this formulation, micro-mixing is modeled using the interaction by exchange with the mean (IEM) model. 22 Here τ is the mixing time scale modeled using turbulent diffusivity D t and the filter length ∆.
7 Specifically,
where C φ is a model coefficient.
Eulerian and deterministic nature of equation (2) makes DQMOM easy to implement in conventional finite volume solvers. Numerical implementation of DQMOM however, can lead to the following problem. Equation (2) is obtained assuming that weights and abscissas are continuous in physical space. In the context of combustion modeling, this assumption is defied in situations involving non-premixed or partially premixed fuel injection where large gradients exist in the scalar field. As a result, in these regions, DQMOM introduces errors in the evolution of the PDF, which lead to incorrect estimation of even lower moments of the PDF. This further leads to significant errors in the estimation of the reaction source terms. Detailed analysis of the effect of these errors on the overall evolution of the scalar is found elsewhere. 23 In the next sub-section, we introduce a new quadrature based method that ensures correct evolution of the PDF.
B. Semi-discrete quadrature method of moments
The basic requirement here is that weights and abscissas predicted by the method should be consistent with the discretized moment transport equations, and hence reproduce valid moments. This is because unlike transport equations in DQMOM, the moment transport equation is valid even in regions with discontinuities. This is achieved by directly computing abscissas from the moments by solving a linear algebraic system of equations. Specifically, weights and weighted abscissas are computed using by solving the following systems of equations.
Here, M α is a vector of N e unmixed integer moments of the α th specie, w is a vector of weights, Y α is a vector of weighted abscissas of the α th specie, J α = ∂M α /∂Y α and J w,α = ∂M α /∂w. In equation (8) , ∂M α /∂t is obtained by solving moment transport equations, and ∂w/∂t is obtained from equation (7) . Transport equation for the j th moment of the α th scalar and enthalpy are
where, on the right hand side, the first term denotes micro-mixing modeled using the IEM model. Micro-mixing time scale is determined using equation (6) . The second term in equations (9) and (10) is the reaction source term for the α th specie and enthalpy, and is directly computed from the quadrature PDF. The last term in equation (10) represents source terms due to pressure gradient and viscous dissipation.
In summary, in SeQMOM, weights are transported as conserved scalars, and weighted abscissas are then computed from weights such that they are consistent with moment transport equations. This ensures that the PDF is accurately evolved. Further details of numerical characteristics of this method can be found elsewhere.
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In the next section, SeQMOM is used for simulating an experimental supersonic hydrogen jet.
II. Numerical study

A. Model parameters
Micro-mixing is typically modeled using the IEM model which requires specification of the constant C φ for evaluating the mixing time scale given in equation (6) . In RANS based simulations, typically C φ = 2.
17 This value is however not applicable in LES based simulations, and is traditionally varied for matching experimental or DNS data. 7, 8, 24 Since C φ controls the sub-filter mixing, a variation in its value can result in large changes in mixing and reactions. In this work, we study the effect of C φ on mixing and reactions, by parametrically varying its value between 5 and 15.
Another model parameter of interest is the number of Dirac delta functions N e used in the defining the quadrature PDF. As we increase N e , the quadrature PDF tends towards the true PDF, and as a consequence, we can expect greater accuracy in predicting the combustion source term. The corresponding increase in computational cost is linear, and numerical issues make application of higher order quadrature difficult. Previously, studies 19, 24 with DQMOM have indicated that even two point quadrature is sufficient for problems involving combustion. Considering the errors associated with DQMOM that were discussed in the previous section, another look at this aspect is warranted. Therefore, in this work, SeQMOM is implemented with two and three quadrature points.
B. Flow configuration
This simulation is based on the experimental study of Evans et al. 25 A schematic of the experimental configuration is shown in figure 1 . In the experiment, hydrogen is injected at Mach 2 with a stagnation temperature of 450K. The co-flow consists of air vitiated using a hydrogen combustor. The resulting test gas has a Mach number of 1.9 and total temperature of 2250K. Detailed boundary conditions for this set-up are given in table 1.
bulent boundary layer correlations. The computational domain spans 41D in the axial direction and 12D in the radial direction. The equations are solved in fully cylindrical coordinate system. The computational grid consists of 1024 Â 128 Â 32 grid points. The simulations take roughly 12 hours on 256 processors.
Boundary conditions have to be specified for the weights and weighted abscissas as well. The weights are chosen as discussed in the previous section. The abscissas are set such that the initial subfilter variance of all species and enthalpy is 3% of the mean value. This only ensures that the DQMOM approach generates a non-zero subfilter variance. As mentioned in the previous section, these choices did not impact the simulation results. Three different simulations are reported: (1) LES-DQMOM with 2 peaks, (2) LES-DQMOM with 3 peaks, and (3) LES with no subgrid closure for combustion.
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C. Numerical setup
The simulations are carried out in cylindrical coordinates using a high speed LES solver. This solver has been previously validated in shock dominated flows. 26 Governing equations for SeQMOM (Eqn. 7 and 8) are directly applicable in cylindrical coordinates. The computational domain starts from the plane in which hydrogen is injected, and spans 30D x 5.5D in the stream-wise and radial directions respectively. The mesh consists of 512 × 96 × 32 points in the stream-wise, radial and circumferential directions respectively. Turbulent inflow conditions are required for ensuring proper mixing of the jet. In this case, time dependent inflow profiles obtained from a separate pipe simulation are used for the jet. Inflow conditions for the coflow are based on mean turbulent boundary layer correlations.
Boundary conditions have to be specified for the quadrature PDF so as to correctly represent the mean and variance of species and enthalpy at the inlets. For the case with N e = 2, this is done by simply setting weights as {0, 1}. Abscissas then take the values of mean mass fraction and enthalpy, thus ensuring that variance is zero. This problem however needs additional attention when N e = 3. In this case, weights are assigned {1, 0, 0} at the jet and {0, 0.5, 0.5} and at the co-flow. As a result, for ensuring zero variance in the co-flow, all three abscissas of a given species need to be located at the same point in sample space. This can lead to numerical instabilities in SeQMOM. 23 This problem is avoided by setting boundary conditions such that variance in the co-flow is 5% of the mean value. The effect of this approximation on results is minimal. 24 Detailed boundary conditions for the PDF have been listed in table 2. Jet Co-flow N e = 2 w 1 1 0
Results Figure 2 shows instantaneous contours of OH mass fraction and temperature obtained using SeQMOM with N e = 2 and C φ = 5. The hydrogen jet interacts with the vitiated co-flow and reacts instantly. The thick cylinder walls assist in turbulent mixing and reactions. Complete mixing is however not achieved within the domain considered. OH contours further indicate that reactions are limited to the thin shear layer between the jet and the co-flow. In figure 3 , total pressure obtained from SeQMOM with N e = 2 and 3 is compared with experimental results at x/D = 13.8. C φ = 5 for this case. While the overall pressure change predicted by both simulations agrees well with the experiments, the pressure near the mixing layer is lower. As such, the results reported by 2-peak and 3-peak SeQMOM are similar, and we can conclude that for the set-up under consideration, increasing N e does not lead to a gain in accuracy.
Next, we look at the effect of variation of model constant C φ . In figure 4 , total pressure at x/D = 13.8 is again compared with experimental results for simulations conducted using C φ = 5, 10 and 15. N e = 2 in this case. Again, we observe that the pressure predicted by each of the simulations is identical. A better parameter for comparing the effect of C φ is product mass fraction. An increase in C φ effectively reduces the distance between the delta peaks in sample space, and a large enough value of C φ would lead to a solution similar to LES with no sub-filter model for combustion. This is confirmed in figure 5 , which shows that increasing the value of C φ progressively leads to results close to LES with no sub-filter model for combustion. However, the short residence time in this experiment prevents this subtle change in reactions from affecting flow variable such as total pressure.
III. Conclusion
Quadrature based moment methods provide an attractive approach for modeling combustion in supersonic flows. In this work, a novel quadrature based method called SeQMOM was introduced. This method is capable of evolving the PDF more accurately when compared to DQMOM, and can be applied to multivariate PDFs as well as to flows inside complex geometries. The computational cost of using SeQMOM is identical to DQMOM, and is therefore substantially lower than comparable transported PDF methods. In this work, SeQMOM was used for studying the effect of variation in model parameters on reactions in a supersonic hydrogen jet. The value of model parameters such as C φ can greatly affect reaction rates. SeQMOM was able to predict subtle changes in reactions due to changes in C φ . A future extension of this work would include a detailed sensitivity analysis of C φ using SeQMOM.
